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ABSTRACT

This paper deals with the calcuiation of tne waveicrms which are
reflected from a spherical satellite surface, and with their ambiguity

functions, These studies will be helpful in raday tmeasurements of the
surface characteristics of a2 satellite.

A waveform consisting of a finite pulse train repeated periodic-
ally has an ambiguity function whick is periodic along botlh axes, i.e.,
doppler shift and delay times., The effact of this on measurements
of the surface characieristics of a satellite is discussed,
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WAVE FORMS AND AMBIGUITY FUNCTIONS OF PULSED
$"GNALS REFLECTED FROM A SPHERICAL SATELLITE
HYPOTHESES

1. A satellite is rotating around the z axis with an angular
velocity §.

2, incident and reflectad waves propagate along the x axis for
the assumed monostatic scattering

3. The transmitted signal is a pulse train with uniform shape
and spacing and is repeated periodically.

NOTAVION
R = radius of a satellite
e;(t) = incident wave
er(t) = reflected wave
c = velocity of light
o = carrier frequency of the transmitted wave

AT = atime dalay in the reflected wave from a point F(9, ¢)
on the surface, with difforence between a point (6, ¢)
and the psint which is nearest to the transmitter (see
Fig. 1)

(1) AT=—?é§(1-gin6-cos¢)
af = a doppler shift in the reflected wave from a point P(6,9)
2f

(2) Af=-E-9- QR sin Y- gin ¢

[X(6,¢,£q, Tq)| = an ambiguity function of "the matched filter output"
which is designed to match the reflected wave frcm a point P(6, )

1878-1 1

|



Fig. 1. A coordinate for a satellite.

lX(Af, AT, Eg, Td)' = another expression of an ambiguity function
| X(6,¢,14, Tq)| by substituting Af and AT for ©and ¢,

REFLECTED WAVES AND THE
MATCHED FILTERS
Let the transmitted wave be

(3) ei(t) = U(t) » J™ot ,

where

1878-1 2
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U(t) is the envelops funcfion of a transmitted wave and I, is the
carrier frequency. The reflected wave from a point P{6,$) on
the surface is

(4) ox(t) = VE (8, 4R 8in 0 cou ¢ U(t-a T)+ S2T (01D E-AT)

where

v(9,4) 15 a scattering coefficient of the surface a"u depends on
9and ¢, and the sign of +Af is +Af for 0< ¢ < x/2 and -Af for
0>¢> -n/2,

if ei(t) is assumed to be 2 pulse train, as ghown in Fig. 2, its formula
can be written

NEe-

where V(t) is the envelope fuiiction of the pulse train and "Jit) is the
component pulse functiou ={ the same,

Fig. ¢. A pulse train.

e



If th.. wvave is periodic, as shown in Fig. 3, V(t) changes as

oo 2%
(6) Vit) = ? V(t-iTy) = ? V(t-i- N+M - T,) »
4 e
i=~o00 i=w o0

__.-_,1‘

A=l [

A-—-,
—f ]
‘ﬂ""‘ NTs- MTe —>

e W7 +T, —

LT

Fig. 3. Transmitted pulse train.

From Eqs. (4) and (5), the reflected wave from the satellite is

(7) ep(t) =2 Vi(6, )« R2. 8in 8+ cos &+ V(t-AT) 2 U{t-~Tg'-AT)
nx -0

 (demliotas) - (t-AT)

In Eq. (7), the factor 2 on the right of the equal sign indicates
the contribution from a point P*(0 ¢) on the other hemisphere of the
surface; and the prime sign of Tg' indicates the effect of dopplef shift
in frequency which is equivalent to changing the scale unit »

—

. . {
from unity Tg'is 1 t%_
s o
T T
() Te's —Ff = —5— y
1_3— 1+ = QR sin 6. gin ¢
fo c

1878-1 4



Substituting Eqa, (i) and (2) into Eq. (7) we get a fornula for the
reflected wave as

(9) ep(t) 2 2. v i, ®)R38in 8+ ~ng ¢« V{t- %&(l-min decos )}

L
=)

t-nTt . .Z_R:(l- sin 8. cos $)}
c .

: 255 aR eind. sin¢}{t- ZX (1-sin6-cos §)} .
= , c .

L.
[\
=

~=
Py

O

1 -

Total reflection from the satellite is

T T
z 2
(10) ( S‘ ep{t)dd a8 .
v

@0 ¢=.T
2

To detect surface roughness on the satellite it i8 necessary to design
matched filters corresponding to each point P(6,¢), Then, we may write
the responses of these :natched {ilters as H(f, 5, ¢) rather than H{f), We
can determine the frequency spectrum of the reflected wave by the
Fourier transform of Eq. (9)., Further, by omitting the carrier frequency
component from the reflected signal, Eq. (9) becomes

(11} er(f) = A6, 9} - U(f) . z V(f-n .f_l‘.) ,
n=—oe 8
where
12) A8, ¢) = 2. v%(e,vt)«Rasin €.cos $, and
(ad .
{13) Uf) = S Ut-AT) e‘jz"ftdt = U'(f) e-ijiAT ,

1878-1 5
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U'(f) is the frequency spectrum of a component pulse and A' is its width
with doppler shift;

1 Af LT
AL Al 'i'}-—) _ A
(14) r = o T—— =Bg .
TS . Af 1 TS
Tg\tt — )
I0

Equation {14) shows that the duty cycle of the transmitted pulse is equal
to that of the reflected wave.

If the envelope V(t) is periodic, as seen in Fig. 3, we can rewrite
Eq. (11) from Egs. (5) and (6) as

(15) exr(t) A(9.¢)°} V(t—ist’)Z Ult-nTy) ,

1= 00 n=-u

or

o8 r e
A(6,9) V(t)*z O(t-i N+M Ts") -[U(t)*z 5(t-nTg')

izeo

n=-oe

where * indicates convolution and 5(t) is the impulse function,

Fourier transform of Wq. (15) shows the frequency spectrum of
the reflected wave, thcm, as

(16) erlf) = AW ¢) |l vm} Be- 1 )| *

N+M Tt N+M Tg' |

i=-oe

1£78-1 6



or
Y ]
= A(6;¢) 1 S‘ VG-__ i
N+M Tg .= N+M T,
i=- o |
\2
* 1 U(f-n -—L—)
T E ) i ]
L b))
n=-e |
where
NT'
2 -j2 (f- .-—_f‘_—-)t
\ . jéw -
(17) V(f- .._L*_) =2 3 V({t-aT) € NtM Ts / g
NfM T NTg'
-

3 \
3 1
sinwNT. ({- L ) -jiw (f—""‘"‘"“‘“‘x‘)AT
= 2NT, i ( TMTE ) - ¢ N+M T/™

ANT (f« _________)
N+M T4

From Eq. (13)

a’ n
2 -ij(f— -,ff)t
(131 U(f-n.l_)zz 5 Ult-A'T) € 8/ 4t
Tg
%
7z
cn wadfE - 1) -'Z't(f-n)AT
2270 sin A (f n-,r-{-_ c J T .
vA‘(i -n _1_,.)
Tg
1878-1 7



By substituting Eqgs. (17). aad ,13') into Eq. (16)

. {
— » ginTtNT!f -—-‘—-——-——)
(18) ex(f) = A(B,0)28s- 28, | ) s( NtM 14
L& oNTS ( - i )

i=-o N+M T¢

€
where
1
Ps = fi; = 4 , P =__jffs =_N_,
Tg T N+M T NtM
T
A'= A TS = s __
14807 78 Typar
fo fo

AT= — (l-sin 0-cos ¢}, and Af =~ QR sin B.5in ¢ .

In Figs. 4(a-g) the graphs of er(f) are shown, It is easily under-
stood tnat the origin of the coordinate corresponds to the carrier ‘re-
quency witn tne doppler shift,

¥rom the definition of the matched filter H(f)

19) H(f) = Gy ep(f) e~ iEmitL,

1873-1 8
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Fig. 4. Freguency spectrum of the reflected
signal from a satellite.
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n=-o S
(f)
e.{f) = V(f) § o(f- .&;:;AT'.)‘U”)' § , ‘r— Zv§(0,¢)- R?. sin®- cos ¢
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Fig. 4. Frequency spectrum of the reflected
signal from a satellite.
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Gy i8 a constant equal to the maximum filter gain and usuaily
taken to be. unity,

P dl . .
er(f) is a complex conjugate of er(f), and

t1 is a fixed value of time at which the signal is observed.

Combining Eqs. (18) and (19) we get H(f,0,¢) as

4 : N
F e sin wrNTs'Kf-___‘._..)
20)  HLO9) = AGOBs 260 | ) M T4
= . mwNT{ ( - __J___)
. NFM T¢
jzm (f- i ____) AT . sin wA'(f- ;,)
c N+M T¢ x 2 8
L f-__nr)
n=-o ( TS
j27 (f- 1
jem ( n\ AT j2w fty
€ S € .
Inpulse response of H(i, 8,9) is
; o
(21) h(t,0.0) = | H(®) S di e (- 1) .
-~-00

By substituting Eq. ‘15) inte Eq. (21) and adding AT, Eq. (21)
becomes

(22) h(t,6,9) = A(6,9) l_V(tx +4 T-t) * Z S(t1+AT-t+iN+M TJ)
l. : i=.0»
. {U(T; +AT-t)* z §(ts +AT -t +nTg) .
L n=-o 4

1878-1 1]
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Y
= AlS, ¢) Z V{iti+AT-t+iNtM T3 )
i!:-“
3 oo
. E Ui +AT-t40Tg ) | &
nN=-o0a

The output of a matched filter in general is as shown

(23) eo(t) = ( er(f) . H(F) ° ejz"rft df
or
(23) e (t) = ex(t) ¥ hit) .

Since it is desired to determine the surface characteristics of
the satellite, 1t is necessary, at least conceptually. to arrange many
matched filters corresponding to each of the divided surface portions
as shown in Fig. 5. The output of a matched filted Hpq(f) or hpglt)
resulting frorm a signal reflected from Gpt d)qi may be expresz-seéJ as
e {f) or eylt), i.e.,

8

(24) coltp_pt, qoq’ = S exlflyiq + Hlflpg - 2™ as
or
(24') eo(t)P"P" q"q' = er(t)p'q' * hpq(t) .

12
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Fig. 5. Matched filters arrangement.

To calculate Eq. (24) or (24'), put Aqu and Aqu into Hif,8,9) or

h{t,8,¢), and ATpigt and Afpigt into ep(f) or er(t) ,

where

2R

ATpg =
Pq =

(1 - sin Bp * cos @),
ATplg' = %:R-. (1 - sin Bp% *cos ¢q') ’

240 P
Aqu = — QR sin Gp sin ¢q s

Afptq' =..§.§.9. 2R s8in Bpu *+ gin ¢ql ’

and p,p'.q, and q' arc integers deaignating each of the divided points on
the surface of tne satellite. IEquation {24) can then be rewritten as

1878-1 13
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(25) “O(t)p-p',q"q' = A(Bp- ‘Pq)A(Gpl' ¢q:)

-
(3

q p'q")

i=-0e

t 2 V(t-ATprgt- i NFM Ty

< | 1
Z< U(t'ATplql - nTs'plqi} &

ns-~&

S _—
: V(t1+o Tpg +iNEM Ty

. Pq‘t)
[ 1=

o
!

n=-os

Since the component pulses are of very short duration, almost
approaching tne delta function, and since the envelope function varies
at & much slower rate than the function of the component pulses, the
forming of the products and the order of convolution in Eq. (25) can
be arrvanged, iseq:

[>+]
(26) eolthp pt, q-q' = A(Op* qlA e o) Z Vit-ATptgt-i N¥M Tgpigr)
i=- o0
o
* . R
Z Vit +A qu +iN+M Tqu - t) .
{x- o
1878-1 14
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l'o. oo

P

N3eo n<-oe J

Yﬁ
¢ 1] \_;
LZ/ U(t—ATplql-n'I'spxq:)‘ Z Uty +AT q+ﬂ Ts’pq-t) .

Further, the product of the sums is composed of the sums of the products
in Eq. (26); thus Eq. (26) can be rearranged as

(27) e:(t)p_pl’q_qt = A(ep . (\bq) A(Opu . q)q’)

— ' : 4
V(t-ATprg - i N#M Thpig?) *

o8

"1
e
N8

Viti+ ATpq + i NtM Tgpq - t)

- - 1 ) %k
5 Ut ATp'qt nTsp'q)

. NS«

Figure 6 shows the output waveforms of a matched filter, Figure 6(a)
shows a filter output in tue case when the response of the filter is matched
to the input waveform; Fig. 6(b) shows the same filter output in tne
mismatched case, In Fig, 6(a) the output of the filter e,(t) shows a
maximum value at observing iime t1, while in Fig. 6(b) it shows a lower
value at the sam-= timse, tj. Therefore by observing the response of the
filter at a fixed tirne, t;, we can discriminate between signals which are
or are not matched to ihe response of the filter, Figures 6(c) and (d)
show the output of a filter wkich is designed for a response to be matched
on'y to the envelope funciion of the input signal, We can see that the out-
put iz maximum egy(t))in Fig. 6(c); however, eq(t1) in Fig, 6(d) does not
: show such a lower value as is shown in (b), From the above estimation
we see that it is difficult to distinquish the difference between each input
signal by a filter if the response of the filter is designed oniy to be matched
to the envelope characteristics of tne input signal. Since it seems to be

1878-1 i5
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]
Impulse Response Of
A Filter rh

Input Signal e'("Aqu)pq
e &ﬂﬂ?ﬂﬂn

eo(t)— 1 —

Output Of The Filter ) A
AR (TATAVAVAV.OR
l —t

(o) Matched Qutput Of A Filter

Impuise Resporse Of A Filter h (1, +Aqu—t)

N00[NAa7

<t

Pq

er ( t- ATp'qu"p/q-'

00 0000i

t

Output Cf The Filter
1‘/:\‘__ eolt) .,
,/'\/:"-. A \ p-p,a-q
AN A NS 11\ [ o

tl

Input Signal

(b) Mismatched Output Of A Filter

Fig. 6. Outputs of the filters in time domain.
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Impulse Response Of h(t,+ ATgq-11pq
A Fiilter r '
t -—
input Signal ; 8r {t-QTpglpg
100png i
t—>
Output Cf The Fitler "~ eolt)
! P-pPa-¢
-__""“‘ leo(h)
o { !
T
t

(c) Matched Qutput Of A Filter

Fig. 6. Outputs of the filters in time domain.

diificult to discriminate the signal in the above case, let us consider

the same problem in the frequency domain, If the incident pulse train

on the target is finite because of time available for illumination, the
specirum of the received signal becomes a continuous spectrum as

shown in Fig. 7 rather than s shown in Fig, 4(g) From tne design

of the matched filter response such that only the main lobe component

in the spectrum of the reflected signal is passed, we can discriminate
vetween matched signal and mismatched signal as shown in Figs., 7(a}

and (b), respectively, provided that the deviation by donpler shift between
two signals which are reflected from eacn adjacent portion on the satellite
surface is large in comparison with the bandwidth of the main lobe com-
ponent in tne reflected signal. The above discussions will be helpful in
understanding the relations between signal and filter response,

1878-1 17
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impulse Respense Of A Filter ‘ hit, +Aqu—?)pq

1"____

€y (t ‘ATp’q’) p'q’

00 10ngdn

input Signal

| t —»

Output Of The Filter

- ____r-"’_ﬁ-f——\____l_:‘i' )9' pI'Q°q/
I_';-- ! ‘L_—\_—'l

l t—>
t,

(d) Mismatched Output Of A Filter

Fig. 6. Outputs of the filters in time domain.
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Specrrum Of The Signal Reflected

From p(68p dq)
/n\\
” ’ N
/] \\ ¢ {flpq
/
— - X I\ 1. ph s

—»f
Filter Response Which Is
Designed Tc Be Matched The
Envelope Function Of The
Signal Refiected From p(8,d) H{flpq
J’
__’f

Mafched Cutput Signal Of The
Filter

eo{flp-p,q-q

—

(a)

Fig. 7. Outputs of the filters in freq. ency domain.
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Spectrum Of The Signal Iy N
| s

Refigcted From p(Gp:éQ:) /’
\
/i \\ e {flpyg
/ \
A -
LNy - s
-— ‘ fotAprq: =~

Fiiter Response Which is
Designed To Be Matched The
Envelope Function Of The
Signol Reflected From HiE)
p(Bpdq) Pq

Mismotched Output Signal eolf)

Of The Filter |

(ot AfyqY | it Atpg)

(b)

Fig. 7. Outputs of the filters in frequency domain.

1878-1 20

porreary

Pq



- —tame

AENN MEE EEe RN eShE BRGNS e e
.

cwlk wew

1878-1

CALCULATION OF THE AMBIGUITY
FUNCTION

We may write tne ambiguity funf‘txon of the reflected waveform

of a point of the satellite surface as IX(Af,A T,f3., Td” rather than

the us

(28)

where

(29)

ual expression of lX(f Td)i

From the definition of the ambiguity function,

[ ]

|X(af,AT,£4, Tg)| = ‘ ( er{t-unT) » er(t-AT-Taj
Loo )
cridrifatafit,,

————— e M.

€7(t) is the complex conjugate of er(t} and

[—Af at 0<¢<

1 Af

S ERE

l+ Af at 0> ¢ pd
By substituting kq. (15) into Eq. (23)

'X(Af,AT,’u,Td)] !S A(9, 4>\ V{t-A T-i N+M TJ)

1--0.
oo
S‘ Ut-A T-nTY) * A(e.ct») Z V(t-a T-Tg-i N¢FM TJ)
o
) Z T(t-aT-Tg-nTJ) - PRI PALCEE 2:%) LW
n=-o«

If we select the coordinate origin at (Af,AT), Eq. (29) becomes
|X(0,0,£4, Tq)| and

21
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(30) IX(Oy 0, szfr})}= Az(eo¢)' ‘S E Vit-i N+M TS') *

- {Z.02

o8 o8

z V(t—Td—iN-l-MTs')'Z U(t-nTg) -

1S~ o0 n=-o0c

U(t-Tyg-nTY) - e'jz"fd‘dt! :
o |

u g

Now, let us consider the problem of integral Eq. (30). As shown
in Fig. 8{a), the function to be irtegrated in Egq. {30) is a pulse train which
is produced by the multiplication of a pulse train with the same but delayed
orie. The resultant pulse consists of the envelope function VY{t) and com-
ponent pulse function U'(t). As shown in Fig. 8(b), V'(t) has the width of

o N+ Tt

Newf ¢
e lt) r—

UL UL

T, l—-st"

Td
&1} elt-Ty) ﬁ_ﬂ ..Jb_ -t ﬂ ﬂ-_-

—2_
t=0

{a)

Fig. 8., Waveforms of the function which are
integrant in Eq, (30).
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w————NTs/-——-—m

i
i Envelope A
e (1) ‘

s

o~ T 4

!
;Q———-——T—T = mTg+Tm

Deiayed Envelcpe d ®
L4
erlt - Tq) ![ I A
- | i B

~— (NTg- Tg!: Width

-~ N+MTg

s R U SR et “'T;‘l’lﬁ?.‘:"" N e

Multiplies '

, k)
i Pl

Lo

|
t NTé' Td

NTg-T, NTg T
I‘,’g—o""( 52 d +Td)--2i =—29-:Deluy Time

AR S e MG LR AL T

Fig. 8. Waveforms of the function which are
integrant in Eq. (30),

(NTg - Tg), delay tim= of Td/Z. and repetition period N+M T4 . From
similar estimation of U'(t), we know that it has the width of (A% Tp),

delay time of T;/2, and repetition period of T¢. Thus we can rewrite
the function to be integrated in Eg. {30} as

e LR T e e e e R R i A UL CT S g T Rt

(31) Z V{t-iNtMTY) - Z V(t-Tg-iNFM T§) *

iB- iz~00

_ Z U(t-nTJ) - z Yit-Tg-nTJ) = z vie- 28 iRIMTY)-
n<=- o0 na-e iz 00

Z Uit -IEH_‘ - nT})

nx - o

1878-1 23
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where

er81’2.3’ ————————
T4 = mTg + v, and 4 , '

l--é..(-r <é

l 2 = M=
Equation ‘30) becumes

oe
(32) [X(0,0,14, Tq)| = a%(e.0] { o T4
. *VYVaids d) - 9¢’) V(t--z—--lN‘!‘M TS)

=08 i.‘-- oe

[+ ]
n= -oe
By convolution -
- T —_
(33) [X(0,0,£4, Tq)| = A2(6,¢)’ 5 Z Vit - _Zg CiTEM TY) -
-0 1= .00
o o8
-jewf t
e [52 U(t--——-nT')
4 Lo nreo c-iemigt 1

dJ R
[ ] oe
T —_— s
= A2(8,¢}- E S v'(t___z_‘i - iNFM TJ) ¢ JZTrfdtdt *

iB-00 -

oe

] . . l
Z 5 U'(t ——T-z’—“-- nTd) * e“JZ“fd‘dtJ .

ns-0 -0
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The Fourier transform of the envelope V'(t) is

o
r — .

(34) U vl - T4 REM ) e-iemiaty
AN

v

NTd-Td o (g -t __ )(ﬁ' + Tfi) :
=] 2 S 2 ¢ " T Z Jat
N+MTg YNTZI-T4 |

-

2
r / i >
, sin?r| £g ~W‘) (L - Tq)
- \ - o »
PSSV S—— - 3
N+M T} - (fd o )
TFM T

—_—— 2 N 2
N¥M T m (fd - i )

The Fourier transform of the component pulse function U'(t) is

- A"Tm
i j2wigt :
I R (e D R
8 A'_-rm
-0 L - —
7 a
n Tm
-j2w (fd - -ﬂ-) (t + --)dt
€ ?
1878-1 25



1878-1

Tm

(2 (i gt e (i 2y
n e
'rr"‘ (fd - Tf;i‘ )

By substituting Ens. (34) and {35} into Eq. (33) we obtain

2
(36} X(0,0,1gs T = A*(6, ¢ .
1%(0,0, 4, Tdl : (N+MT§ Ts)

p~—

ri smw(fd~%‘-g\CA'-Tm) -32ﬂ<fd-'-151'“>"‘;2r'{1'
. € 8
2, .0
e ey

Tg +AT
Replacing fq and T4/2 by fq + Af and "d—é"—"" » respectively,

we obtain a formula for the ambiguity functio~ which includes doppler
shift Af and time delay A T;

z
| 4A(es¢’)_
(37) lxmfoATafda Tg)i = (m‘ Ts. R
r o Sin’m (fd S S i-Af)(NTs' - Tg)
}* N+M Tg .
- 2 (fd o i-Af)
12-o N+M T4

g (fd - —t iAf) (Tq+ AT)
c N+M T4

L
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o S{n‘w(fd__%lf fAf>(A"‘Tm)
8
fq - 2o pAf
ns- o (d Tg ta )

Figures 9 (a),{b), and (c) show *he diagram of the ambiguity function
Of qu (37)‘ .

(af,AT)

|x (4,874 T . fgr

/' P
=

e

ﬂ! " B J

Fig. 9. The ambiguity diagrams of a matched filter
output. (a) on both axes, fd and T4, (b) on
the £ axis.
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(pe,L0
o aT0,79)

—

Fig. 9. The ambiguity diagrams of a matched filter
output. (c) on th: Ty axis.

CONCLUSIONS

If the transmitted radar signal is a pulse train as shown in Fig.
3, the reflected wave from a point P(9,¢) on the surface has the figure
of discrete frequency spectrum as shown in Fig. 4, the formula for
which is given in Eq. (18}.

From the inferpretation of Fig. 4, we can see .hat the origin
of the coordinrate in Fig. 4 corresponds to the carrier frequency with
doppler shift + Af. The amplitude of the spectrum at the origin has
A6, 2. -28) . The spectral lines ar. separated by an interval of

VNFMT,

The intervals in the spectrum between the main lobe and the first
side lobe, and between the side lobes are 1/T}. The width of the main
lobe is 2/NTJ , which depends on the surface point P(6,9). The width
of the envelope of the positive lobes about the origin is 2/A', which aiso
depends on P(6,9).

We then know that a.l of the above parameters are some functions
of doppler shift Af and delay time AT at reflsction point P(6, ¢).
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the transfer function and impulse response of the desired matched

filter are shown in Eqs. (29) and (22).

Figure 7 shcws the sutput of the matched filter H{f)pq against
the signal er(fltq! reflected from a point P(%!-‘f‘q“) of the surface.
Figure 9 shows the ambiguity diagram of the signal reflected from a
point P(6,9). We can see that it resembles the discrete figure of Fig.
t and all parameters alsc become some functions of Af and AT.
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